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Abstract
Let t (3), a and b be integers with 0a <b. A graph is called K1,t -free if it contains no K1,t as
an induced subgraph. We prove that every K1,t -free G has an [a, b]-factor if its minimum degree is
at least(
(t − 1)(a + 1)+ b
b
)⌈
b + a(t − 1)
2(t − 1)
⌉
− t − 1
b
(⌈
b + a(t − 1)
2(t − 1)
⌉)2
− 1.
This degree condition is sharp.
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1. Introduction
The graphs considered in this note will be ﬁnite, undirected, without loops and multiple
edges. Let G be a graph with vertex set V (G) and edge set E(G). Notation and deﬁnition
not given in this note can found in [1].
For S ⊆ V (G) the subgraph of G induced by S is denoted by G[S] and G − S =
G[V (G)\S]. For any vertex x of G, the degree of x in G is denoted by dG(x), and the
set of vertices adjacent to x in G is denoted by NG(x). Furthermore, (G) = min{dG(x) :
x ∈ V (G)}. A vertex set S ⊆ V (G) is called independent if G[S] has no edges. Let a and
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b be integers with ab. An [a, b]-factor of G is deﬁned as a spanning subgraph F of G
such that adF (x)b for each x ∈ V (G). A graph G is called (a, b, n)-critical if after
deleting any n vertices ofG the remaining graph ofG has an [a, b]-factor. If a=b= k, then
an (a, b, n)-critical graph is called a (k, n)-critical. In particular, a (k, n)-critical graph is
simply called a n-critical graph for k = 1. A graph is called K1,t -free if it contains no K1,t
as an induced subgraph.
The following results on factors are known.
Theorem A (Li and Cai [3]). Let G be a graph of order |G|, and let a and b be integers
such that 1a <b. Then G has an [a, b]-factor if (G)a, m2a + b+ (a2 − a)/b and
max{dG(x), dG(y)} a|G|
a + b
for any two non-adjacent vertices x and y of G.
Theorem B (Matsuda [8]). Let G be a graph of order |G|, and let a and b be integers such
that 1a <b. Then G has an [a, b]-factor if (G)a, |G|2(a + b)(a + b − 1)/b and
|NG(x) ∪NG(y)| a|G|
a + b
for any two non-adjacent vertices x and y of G.
Theorem C (Ota and Tokuda [9]). Let t and r be positive integers and t3. If r is odd,
we assume that r t − 1. Let G be a connected graph with r|G| even. If G is a K1,t -free
graph and the minimum degree of G is at least(
t (r + 1)− 1
r
)⌈
rt
2(t − 1)
⌉
− t − 1
r
(⌈
rt
2(t − 1)
⌉)2
+ t − 3,
then G has an r-factor.
In this note we shall prove the following theorem, which is a new degree condition for
graphs to have [a, b]-factors.
Theorem 1. Let G be a graph, and let t, a and b be integers such that 0a <b and t3.
If G is a K1,t -free graph and its minimum degree is at least(
(t − 1)(a + 1)+ b
b
)⌈
b + a(t − 1)
2(t − 1)
⌉
− t − 1
b
(⌈
b + a(t − 1)
2(t − 1)
⌉)2
− 1, (1)
then G has an [a, b]-factor.
In Section 3, we will show that the condition (1) in Theorem 1 is sharp.
Plummer [10] and Lovász [7] discussed a characterization and properties of 2-critical
graphs.Yu [11] gave the characterization of n-critical graphs. Favaron [2] studied the prop-
erties of n-critical graphs. Liu and Yu [5] studied the characterization of (k, n)-critical
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graphs. The characterization of (a, b, n)-critical graphs with 1a <b was given by Liu
and Wang [4]. In this note, a degree condition for a graph to be (a, b, n)-critical with
0a <b is given. The result is the following theorem.
Theorem 2. Let G be a graph, and let t, a, b and n be integers such that 0a <b and
t3. If G is a K1,t -free and its minimum degree is at least(
(t − 1)(a + 1)+ b
b
)⌈
b + a(t − 1)
2(t − 1)
⌉
− t − 1
b
(⌈
b + a(t − 1)
2(t − 1)
⌉)2
+ n− 1, (2)
then G is an (a, b, n)-critical graph.
In Section 3, we will show that the condition (2) in Theorem 2 is sharp.
It can be easily observed that Theorems 1 and 2 are equivalent. Thus, we give only a
proof of Theorem 1.
2. Proof of Theorem 1
Let S and T be disjoint subsets of V (G). We write eG(S, T )=|{xy ∈ E(G) : x ∈ S, y ∈
T }| and dG−S(T )=∑x∈T dG−S(x). In particular, eG(x, T ) means eG({x}, T ). Let
G(S, T )= b|S| + dG−S(T )− a|T | − hG(S, T ),
where hG(S, T ) is the number of components C of G− (S ∪ T ) for a = b and b|V (C)| +
eG(V (C), T ) ≡ 1 (mod 2). Such a component C is called an odd component.
We use the following Lemma.
Lemma 1 (Lovász [6]). Let G be a graph. Let a and b be nonnegative integers with ab.
Then G contains an [a, b]-factor if and only if
G(S, T )= b|S| + dG−S(T )− a|T | − hG(S, T )0
for all disjoint subsets S and T of V (G).
We now prove Theorem 1.
By Lemma 1, to prove the theorem we need only to show that for all disjoint subsets S
and T of V (G)
G(S, T )= b|S| + dG−S(T )− a|T |0,
where 0a <b.
At ﬁrst, we prove the following claim.
Claim 1. (G) t−1
b
y(a − y + 1)+ y − 1 for any integer y.
Proof. We ﬁx t, a and b, and deﬁne f (y) be the right-hand side of the above inequality.
Among all integers y, f (y) is maximum when y is the nearest integer to b+a(t−1)2(t−1) + 12 , i.e.,
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when y=
⌈
b+a(t−1)
2(t−1)
⌉
. It is easy to check that f
(⌈
b+a(t−1)
2(t−1)
⌉)
is identical to the expression
(1). Hence, f (y)f
(⌈
b+a(t−1)
2(t−1)
⌉)
(G) for any integer y. 
If T = ∅, then G(S,∅) = b|S|0. Thus we may assume that T = ∅. We deﬁne xi
and Ni(i1) as follows: let x1 ∈ T be a vertex such that dG−S(x1) − a is minimum, and
N1= (NG(x1)∪{x1})∩T . For i2, if T −⋃j<iNj = ∅, let xi ∈ T −⋃j<iNj be a vertex
such that dG−S(xi)− a is as small as possible, andNi = (NG(xi)∪ {xi})∩ (T −⋃j<iNj ).
We suppose x1, . . . , xm are deﬁned and xm+1 cannot be deﬁned. By deﬁnition,
{x1, . . . , xm} is an independent set of G, and T is the disjoint union of N1, . . . , Nm.
With this notation, since G is a K1,t -free graph,
|S| 1
t − 1
m∑
i=1
eG(xi, S)
for any subset S of V (G).
Hence,
G(S, T )= b|S| + dG−S(T )− a|T |
 b
t − 1
m∑
i=1
eG(xi, S)+ dG−S(T )− a|T |
=
m∑
i=1
(
b
t − 1eG(xi, S)+ dG−S(Ni)− a|Ni |
)
.
Let i = dG−S(Ni)− a|Ni |. We show the following inequality that implies G(S, T )0:
b
t − 1eG(xi, S)+ i0 (3)
for each i (1 im). Here, we ﬁx i (1 im) and deﬁne
d = dG−S(xi).
Then i |Ni |(d − a). If d − a0, then i0 and thus (3) holds. Hence we may assume
d − a < 0. Since
|Ni |d − eG(xi, V (G)− (S ∪ T ))+ 1d + 1,
we have
i(d + 1)(d − a).
Claim 1 with y = d + 1 yields dG(xi) t−1b (d + 1)(a − d)+ d. Hence,
b
t − 1eG(xi, S)+ i
b
t − 1 (dG(xi)− d)+ (d + 1)(d − a)
 b
t − 1
(
t − 1
b
(d + 1)(a − d)
)
+ (d + 1)(d − a)
= 0.
Thus, (3) holds. The proof is complete. 
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3. Remarks
Remark 1. In Theorem 2, the degree condition is sharp.
To demonstrate this remark with an example, let y = (b + a(t − 1))/(2(t − 1)),
x = ((t − 1)(a − y + 1)y)/b − 1. Let L be the complete graph Kx+n, and letM be t − 1
disjoint copies of Ky . LetG=L+M , where L+M denotes the join of L andM. Then G
is a K1,t -free graph with
(G)= dG(v)=
⌈(
(t − 1)(a + 1)+ b
b
)⌈
b + a(t − 1)
2(t − 1)
⌉
− t − 1
b
(⌈
b + a(t − 1)
2(t − 1)
⌉)2
+ n− 2
⌉
,
where v ∈ V (M). Application of Lemma 3 in Section 2 with S = V (L) and T = V (M)
proves that G is not an (a, b, n)-critical graph.
Remark 2. In Theorem 1, the degree condition is sharp.
Clearly, this is a special case of Remark 1 for n= 0.
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